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Abstract. This paper develops an exact count function for the
number of primes that are the upper prime of a pair of twinned
primes.

The method used is a modified Sieve of Eratosthenes. The
strand functions of the modified sieve remove integers which are
congruent to either 0 or 2 for some modulus, Pi. The strand func-
tions for each of the strands of the sieve are represented by a Fourier
series which converges almost everywhere to the strand function.
The strand functions for the r strands of the sieve are combined to
form a member function for the whole sieve. The member function
of the sieve is then integrated to create the count function of the
number of sieve survivors less than or equal to x. The sieve count
function can then be evaluated at a paticular value of x, and all
sieve survivors in the range: 1 < x < P 2

r+1−2, are the upper prime
of a pair of twinned primes.

With the count function defined, the lower bound on the value of
the count function is derived. Using this lower bound it is possible
to prove that for all r ≥ 12 there exists at least one integer in the
range, 1 < x < Pr+1

2 − 2 which survives the sieve constructed.
Such a sieve survivor is necessarily the greater prime of a pair of
twinned primes and, because r may increase without bound, there
must be an infinite number of primes which are the greater prime
of a pair of twinned primes.
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1. Introduction

The sieve of Eratosthenes is an elementary method for finding primes.
Generalizing slightly one can introduce the following ideas:

• Strands to the sieve,
• The basis for each strand in the sieve,
• The modulus of the sieve, and
• Survivors of the sieve.

A strand can be best defined as a linear equation over a modulus.
The modulus is the basis of strand. A sieve is a system strands where
the basis of each strand is relatively prime to the basis of every other
strand in the sieve. The modulus of the sieve is the product of the
several basis of each strand of the sieve. A survivor of the sieve is an
integer that is not sieved by any of the strands of the sieve. In this
paper the basis for every strand is a prime number. Specifically, if
the sieve has r strands the basis of the strands are the first r primes;
2, 3, 5, . . . , Pr

A simple 5-strand sieve will help to illustrate these concepts. Since
this paper is ultimately about twinned primes, the example sieve will
not sieve for prime numbers, but instead will sieve for the the upper
prime of a pair of twinned primes. Two numbers, x and x+2, are prime
if both x and x+2 are relatively prime to every prime less than or equal
to equal to

√
x. This can be represented by a system of Diophantine

equations.
In order for an integer n to be the upper prime of a pair of twinned

primes

• n ≤ P 2
r+1 − 2

• n 6= 0 (mod Pi) for all 1 ≤ i ≤ r, and
• n− 2 6= 0 (mod Pi) for all 1 ≤ i ≤ r.
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2. Formulating the Count Function

Another way to represent these conditions is with a system of Dio-
phantine equations:

n = 1 (mod 2) (1a)

n 6= {0, 2} (mod 3) (1b)

n 6= {0, 2} (mod 5) (1c)

n 6= {0, 2} (mod 7) (1d)

... (1e)

n 6= {0, 2} (mod Pr−2) (1f)

n 6= {0, 2} (mod Pr−1) (1g)

n 6= {0, 2} (mod Pr) (1h)
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Each of the discrete,integer equations in (1) can be represented as
discontinuous periodic functions:

f1(x) =

{
1 0 < x < 1

0 1 < x < 2
(2a)

f2(x) =

{
1 0 < x < 1

0 1 < x < 3
(2b)

f3(x) =


1 0 < x < 1

0 1 < x < 2

1 2 < x < 4

0 4 < x < 5

(2c)

f4(x) =


1 0 < x < 1

0 1 < x < 2

1 2 < x < 6

0 6 < x < 7

(2d)

f5(x) =


1 0 < x < 1

0 1 < x < 2

1 2 < x < 10

0 10 < x < 11

(2e)

... (2f)

fr−2(x) =


1 0 < x < 1

0 1 < x < 2

1 2 < x < Pr−2 − 1

0 Pr−2 − 1 < x < Pr−2

(2g)

fr−1(x) =


1 0 < x < 1

0 1 < x < 2

1 2 < x < Pr−1 − 1

0 Pr−1 − 1 < x < Pr−1

(2h)

fr(x) =


1 0 < x < 1

0 1 < x < 2

1 2 < x < Pr − 1

0 Pr − 1 < x < Pr

(2i)
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where the strand functions are extended over the whole real line by
the periodic relations:

f1(x+ 2n) = f1(x) ∀n ∈ Z 0 ≤ x < 2 (3a)

f2(x+ 3n) = f2(x) ∀n ∈ Z 0 ≤ x < 3 (3b)

f3(x+ 5n) = f3(x) ∀n ∈ Z 0 ≤ x < 5 (3c)

f4(x+ 7n) = f4(x) ∀n ∈ Z 0 ≤ x < 7 (3d)

f5(x+ 11n) = f5(x) ∀n ∈ Z 0 ≤ x < 11 (3e)

...
... (3f)

fr−2(x+ Pr−2n) = fr−2(x) ∀n ∈ Z 0 ≤ x < Pr−2 (3g)

fr−1(x+ Pr−1n) = fr−1(x) ∀n ∈ Z 0 ≤ x < Pr−1 (3h)

fr(x+ Prn) = fr(x) ∀n ∈ Z 0 ≤ x < Pr (3i)

The strand functions are periodic modulo Pj , which is the basis of
the strand. The strand functions have a value of either 1 or 0. The
strand functions are undefined at the discontinuities which mark the
transitions between 0 and 1. The strand functions were defined in this
manner so that the integral of an individual strand function would yield
a proper counting function for the individual strand of the sieve. If one
of the strand functions is integrated as follows:

Fj(x) =

x∫
t=0

fj(t)dt where: 1 ≤ j ≤ r
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the result is

F1(x) =

{
x 0 < x < 1

0 1 < x < 2

exended by: F1(x) = F1

(
x− 2

⌊x
2

⌋)
+
⌊x

2

⌋
F2(x) =

{
x 0 < x < 1

0 1 < x < 3

exended by: F2(x) = F2

(
x− 3

⌊x
3

⌋)
+
⌊x

3

⌋

F3(x) =


x 0 < x < 1

0 1 < x < 2

x− 1 2 < x < 4

0 4 < x < 5

exended by: F3(x) = F3

(
x− 5

⌊x
5

⌋)
+ 3

⌊x
5

⌋

F4(x) =


x 0 < x < 1

0 1 < x < 2

x− 1 2 < x < 6

0 6 < x < 7

exended by: F4(x) = F4

(
x− 7

⌊x
7

⌋)
+ 5

⌊x
7

⌋

Fr−1(x) =


x 0 < x < 1

0 1 < x < 2

x− 1 2 < x < Pr−1

Pr−1 − 2 Pr−1 − 1 < x < Pr−1

exended by: Fr−1(x) = Fr−1

(
x− Pr−1

⌊
x

Pr−1

⌋)
+ (Pr−1 − 2)

⌊
x

Pr−1

⌋

Fr(x) =


x 0 < x < 1

0 1 < x < 2

x− 1 2 < x < Pr
Pr − 2 Pr − 1 < x < Pr

exended by: Fr(x) = Fr

(
x− Pr

⌊
x

Pr

⌋)
+ (Pr − 2)

⌊
x

Pr

⌋
The count function for a particular strand ramps up from N to N+1

in the intervals where the strand function is equal to 1. The count
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function for a particular strand remains constant for the intervals where
the strand function is equal to 0. The function, Fr(x), is the count
function for the strand fr(t). This is because for all integer values, n,
Fr(n) is the number of integers less than or equal to n which survive the
strand function, fr(t). For all real values of x, bFr(x)c is the number of
integers less than or equal to x that survive the strand function, fr(t).

Using the strand functions defined above it is possible to create a
survivor function, π2(r, t), for a sieve of r strands. The strand functions
are multiplied together and, neglecting for the moment the values at
the points of discontinuity, the product of the first r strand functions is
the survivor function of the r-strand sieve. The sieve survivor function
is 0 everywhere except for unit intervals where the function is equal to
1. The unit intervals where the survivor function is 1 are exactly those
intervals of n − 1 < x < n where n is an integer that survives all the
strand functions of the sieve.

The product of the first, r strand functions is:

π2(r, t) =
r∏
j=1

fj(t)

The function, π2(r, t), has a value of either 0 or 1. The function, π2(r, t),
is 1 in the interval n− 1 < x < n, if and only if n is an integer which
survives the first r strand functions. The function, π2(r, t), is 0 in all
the intervals n − 1 < x < n. The function, π2(r, t), is undefined for
x ∈ Z; the transitions between 0 and 1. Integrating the membership
function, π2(r, t), of the sieve yields the counting function:

T (r, x) =

x∫
t=0

π2(r, t)dt

=

x∫
t=0

[
r∏
j=1

fj(t)

]
dt

Integrating a product of several functions is difficult. This definition
of the sieve does not seem to be much of an improvement. Fortunately,
each of the strand functions meets Dirichlet’s conditions. Because of
this, for every strand functions there exists a Fourier representation
which converges almost everywhere to the strand function. At the
points of discontinuity the Fourier series representation of the strand
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function converges to 1/2. Thus, every strand function can be repre-
sented by a Fourier series of the form

fj(t) =
∑
nj∈Z

C (j, nj) e
2πi

nj
Pj
t

where:

C (j, nj) =
1

Pj

Pj∫
t=0

fj(t)e
−2πi

nj
Pj
t
dt

Evaluating the above integrals for j = 1, for j = 2 and for j > 2 yields:

C (1, n1) =
1

2

1∫
t=0

e−2πi
n1
2
tdt (4a)

C (2, n2) =
1

3

1∫
t=0

e−2πi
n2
3
tdt (4b)

C (j, nj) =
1

Pj

1∫
t=0

e
−2πi

nj
Pj
t
dt (4c)

+
1

Pj

Pj−1∫
t=2

e
−2πi

nj
Pj
t
dt (4d)

Separating out the case where nj = 0 yields:

C (1, 0) =
1

2
(5a)

C (2, 0) =
1

3
(5b)

C (j, 0) = 1− 2

Pj
(5c)
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Separating out the case where nj 6= 0 yields:

C (1, n1) =
1− e−2πi

n1
2

2πin1

=
1− (−1)n1

2πin1

(6a)

C (2, n2) =
1− e−2πi

n2
3

2πin2

(6b)

C (j, nj) =

(
1 + e

−4πi
nj
Pj

)(
1− e2πi

nj
Pj

)
2πinj

(6c)

Some properties of the Fourier constants, C (j, nj) , should be noted
immediately.

(1) C (j,−nj) = C (j, nj) where C (j, nj) is the complex conjugate
of C (j, nj).

(2) C (j, Pjnj) = 0 for all indices, nj 6= 0, and 1 ≤ j ≤ r.

(3) C (j, kj + nPj) = C (j, kj)
kj

(kj+nPj)
for all n ∈ Z.
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)
=

x ∫ t=
0

 r ∏ j=
1

 ∑ n
j
∈

Z

C
(j
,n

j
)
e2
π
i
n
j
P
j
t   dt

(7
a)

T
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,x

)
=
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0
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1
∈

Z

C
(1
,n

1
)
e2
π
i
n
1 2
t][ ∑ n

2
∈

Z
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(2
,n

2
)
e2
π
i
n
2 3
t][ ∑ n

3
∈

Z

C
(3
,n

3
)
e2
π
i
n
3 5
t] ..

.[ ∑ n
r
∈

Z

C
(r
,n

r
)
e2
π
i
n
j
P
r
t] d

t (7
b
)

T
(r
,x

)
=

x ∫ t=
0

∑ n
1
∈

Z

∑ n
2
∈

Z

∑ n
3
∈

Z

..
.
∑ n
r
∈

Z

[ C
(1
,n

1
)
e2
π
i
n
1 2
t][ C

(2
,n

2
)
e2
π
i
n
2 3
t][ C

(3
,n

3
)
e2
π
i
n
3 5
t] ..

.[ C
(r
,n

r
)
e2
π
i
n
r
P
r
t] d

t (7
c)

T
(r
,x

)
=

x ∫ t=
0

∑ n
1
∈

Z

∑ n
2
∈

Z

∑ n
3
∈

Z

..
.
∑ n
r
∈

Z

[ r ∏ j=
1

C
(j
,n

j
)][ e2

π
it

r ∑ j
=

1

n
j
P
j

]
(7

d
)

T
(r
,x

)
=
∑ n
1
∈

Z

∑ n
2
∈

Z

∑ n
3
∈

Z

..
.
∑ n
r
∈

Z

[ r ∏ j=
1

C
(j
,n

j
)] x ∫ t=

0

e2
π
it

r ∑ j
=

1

n
j
P
j
d
t 

(7
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Equation (7e) can be separated into 3 cases:

Case 1:
r∑
j=1

nj
Pj

= 0 because all nj = 0

Case 2:
r∑
j=1

nj
Pj

= 0 and at least nj 6= 0

Case 3:
r∑
j=1

nj
Pj
6= 0 because at least one nj 6= 0

For case 2,
r∑
j=1

nj
Pj

= 0, if and only if, for all indices (nj; where

1 ≤ j ≤ r) either Pj|nj or nj = 0. If Pj|nj, then C (j, nj) = 0 and
r∏
j=1

C (j, nj) = 0. Separating out the remaining two cases yields:

T (r, x) =

x∫
t=0

r∏
j=1

C (j, 0) dt

+
∑
n1∈Z

∑
n2∈Z

∑
n3∈Z

. . .
∑
nr∈Z

r∑
j=1

nj
Pj
6=0

[
r∏
j=1

C (j, nj)

] x∫
t=0

e
2πit

r∑
j=1

nj
Pj dt

 (8)

T (r, x) = x
r∏
j=1

C (j, 0)

+
∑
n1∈Z

∑
n2∈Z

∑
n3∈Z

. . .
∑
nr∈Z

r∑
j=1

nj
Pj
6=0

[
r∏
j=1

C (j, nj)

]e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj

 (9)

The expression above for T (r, x), is not be pretty, but it is com-
putable. For any value of x, the integer portion of the value of T (r, x)
evaluated at x and r is equal to the number of integers which are less
than or equal to x which survive the r-strand sieve. If the survivor is
in the range, 1 < x < P 2

r+1 − 2, then, by the nature of the sieve, the
survivor is the upper prime of a pair twinned primes. The challenge,
as with all sieve methods, is to understand the behavior and bounds of
T (r, x).

The first qualitative observation is that the count function has two
components; the average growth and the variation about this average
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growth. The average growth term is given by:

A(r, x) = x

r∏
j=1

C (j, 0) (10)

and the variation component is given by:

V (r, x) =
∑
n1∈Z

∑
n2∈Z

∑
n3∈Z

. . .
∑
nr∈Z

r∑
j=1

nj
Pj
6=0

[
r∏
j=1

C (j, nj)

]e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj

 (11)

Other qualitative properties of T (r, x), A (r, x), and V (r, x), are:

(1) T (r, x) is a monotone, non-decreasing function. If y ≥ x, then
T (r, y) ≥ T (r, x).

(2) If m is a integer which survives the r-stranded sieve and n is the
number of integers ≤ m which survive the sieve, the value of
T (r, x) ramps up from n to n+1 on the interval m ≤ x ≤ m+1.
i.e. T (r,m) = n and T (r,m+ 1) = n+ 1

(3) bT (r, x)c is equal to the number of integers less than or equal
to x which survive the sieve.

(4) V (r, x) is periodic.
(5) The period of V (r, x) is equal to the modulus of the sieve, Mr;

where Mr =
r∏
j=1

Pj.

(6) The minima and maxima of V (r, x) occur when x ∈ Z.
(7) V (r, x) is a series of connect line segments such that

V (r, x) = V (r, bxc)
+ (x− bxc) [V (r, dxe)− V (r, bxc)]

(8) For all r ≥ 1,
r∑
j=1

nj
Pj
∈ {Q/Z} ∪ {0}. In other words, except for

r∑
j=1

nj
Pj

= 0 because all nj = 0,
r∑
j=1

nj
Pj
/∈ Z. Moreover,(

K∑
j=1

nj
Pj

)
±

(
r∑

j=K+1

nj
Pj

)
/∈ Z
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3. Notational Conventions

In this paper all variables, except P , x, and t, are assumed to be
arbitrary integers. The variables Pj are prime numbers where P1 = 2,
P2 = 3, P3 = 5, P4 = 7, etc. The variables x and t are assumed to
be real. The function, T (r, x) , is used in this paper to designate the
number of integers less than or equal to x which survive the r-strand
sieve. The more conventional notation for this count function would
be π2 (r, x). This presents much confusion as the constant, π, is used
in both the complex exponentials and in the Fourier constants. It is
hoped the less conventional notation, T (r, x), will be less confusing.

The notation∑
n1∈Z

∑
n2∈Z

∑
n3∈Z

. . .
∑

nr−1∈Z

∑
nr∈Z

r∑
j=1

nj
Pj
6=0

f (n1, n2, n3, . . . , nr−1, nr)

is cumbersome and will be replaced by:

•∑
# «nr∈Z

f (n1, n2, n3, . . . , nr−1, nr)

The vector, #«nr, is an r-tuple of integers and it is understood any
number of, but not all, indices nj, can equal zero. The r-tuple, #«nr,
formed by the r indices, (n1, n2, n3, . . . , nr−1, nr), cannot equal the r-
tuple: (0, 0, 0, . . . , 0, 0).

The count function (9) can then be written more compactly as:

T (r, x) = x
r∏
j=1

C (j, 0)

+
•∑

# «nr∈Z

[
r∏
j=1

C (j, nj)

]e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj


(12)

For a summation over a single index the notation,
•∑

nj∈Z

f (nj)

is equivalent to ∑
nj∈Z
nj 6=0

f (nj)

.
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4. Main Proof

There is an infinite number of primes such that both P and P − 2
are prime numbers.

Proof. From the definition of T (r, x) in equation (12)

T (r, x) = x
r∏
j=1

C (j, 0) +
•∑

# «nr∈Z

[
r∏
j=1

C (j, nj)

]e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj

 (13)

for all r > 0 and all x > 0.
Thus

T (r, x) ≥ x
r∏
j=1

C (j, 0)−

∣∣∣∣∣∣∣∣
•∑

# «nr∈Z

[
r∏
j=1

C (j, nj)

]
e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj

∣∣∣∣∣∣∣∣ (14)

From Lemma 3, for real x ≥ 2 and all r > 5 (Pr > 11),∣∣∣∣∣∣∣∣
•∑

# «nr∈Z

[
r∏
j=1

C (j, nj)

]
e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj

∣∣∣∣∣∣∣∣ < 2r (15)

This yields:

T (r, x) > x
r∏
j=1

C (j, 0)− 2r (16)

Evaluating above inequality, (15), at P 2
r yields,

T
(
r, P 2

r

)
> P 2

r

r∏
j=1

C (j, 0)− 2r (17)

From Lemma 1,

P 2
r

r∏
j=1

C (j, 0) > Pr + 2 (18)

for all r ≥ 12
Connecting,

• Inequality (18),
• Inequality (17), and
• Pr > 2r for all r ≥ 3
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yields:
T
(
r, P 2

r

)
> (Pr + 2)− 2r

> (Pr − 2r) + 2

> 2

(19)

for all x > 2 and all r ≥ 12 (P12 = 37).
For all x > 2 and all r ≥ 12, T (r, P 2

r ) > 2; i.e. there are two
integers which survive the r-stranded sieve. One of the 2 survivors
of the sieve is the integer 1. The remaining integer which survives
the r-strand sieve, is less than P 2

r . By the design of the sieve, all of
the integers which survive the r-stranded sieve, and are in the range:
1 < x < P 2

r+1 − 2, must necessarily be the upper prime of a pair of
twinned primes. Thus, the other sieve survivor of T (r, P 2

r ) is the upper
prime of a pair of twinned primes.

Since r can increase without bound there must be an infinite number
prime numbers which are the upper prime of a pair of twinned primes.

�
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5. Lemma 1

Lemma 1.

P 2
r

r∏
j=1

C (j, 0)− Pr > 2 (20)

for all x ≥ 0 and all r ≥ 12

Proof. The proof by induction has to steps:

• Prove that the propostion being true for r implies the proposi-
tion is true for r + 2
• Prove the propostion is actually true for two successive values

of r.

From Lemma 2

(
Pr+2 − 2

Pr+1

)(
Pr+1 − 2

Pr

)
> 1 (21)

for all r ≥ 3, (P3 = 5)
Combining this with

(
Pr+2

Pr

)(
Pr+2

Pr+2

)
=
Pr+2

Pr
(22)

Yeilds:

(
Pr+2 − 2

Pr+1

)(
Pr+1 − 2

Pr

)(
Pr+2

Pr

)(
Pr+2

Pr+2

)
>
Pr+2

Pr
(23)
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Combining (23) with the the induction hypothesis yields:

(
Pr+2 − 2

Pr+1

)(
Pr+1 − 2

Pr

)(
Pr+2

Pr

)(
Pr+2

Pr+2

)(
P 2
r

r∏
j=1

C (j, 0)

)
> (Pr + 2)

(
Pr+2

Pr

)
(24a)(

Pr+2 − 2

Pr+1

)(
Pr+1 − 2

Pr

)(
Pr+2

Pr

)(
Pr+2

Pr+2

)(
P 2
r

r∏
j=1

C (j, 0)

)
> Pr+2 + 2

(
Pr+2

Pr

)
(24b)(

Pr+2 − 2

Pr+1

)(
Pr+1 − 2

Pr

)(
Pr+2

Pr

)(
Pr+2

Pr+2

)(
P 2
r

r∏
j=1

C (j, 0)

)
> Pr+2 + 2

(24c)(
Pr+2

Pr

)(
Pr+2

Pr

)(
Pr+2 − 2

Pr+2

)(
Pr+1 − 2

Pr+1

)(
P 2
r

r∏
j=1

C (j, 0)

)
> Pr+2 + 2

(24d)(
P 2
r+2

P 2
r

)(
P 2
r

)(Pr+2 − 2

Pr+2

)(
Pr+1 − 2

Pr+1

)( r∏
j=1

C (j, 0)

)
> Pr+2 + 2

(24e)

Noting that C(r + 2, 0) = Pr+2−2
Pr+2

and C(r + 1, 0) = Pr+1−2
Pr+1

Equation

(24e) becomes:

(
P 2
r+2

) r+2∏
j=1

C (j, 0) > Pr+2 + 2 (25)

thus,

(
P 2
r

) r∏
j=1

C (j, 0) > Pr + 2 =⇒
(
P 2
r+2

) r+2∏
j=1

C (j, 0) > Pr+2 + 2 (26)

The two successive values of r = 12 and r = 13 suffice to complete
the proof.
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For r = 12 (P12 = 37)(
P 2

12

) 12∏
j=1

C (j, 0) =
(
372
) [ (1) (1) (3) (5) (9) (11) (15) (17) (21) (27) (29) (35)

(2) (3) (5) (7) (11) (13) (17) (19) (23) (29) (31) (37)

]
= (1681)

[
382725

13032214

]
> 40

> P12 + 2
(27)

For r = 13 (P13 = 41)(
P 2

13

) 13∏
j=1

C (j, 0) =
(
412
) [ (1) (1) (3) (5) (9) (11) (15) (17) (21) (27) (29) (35) (39)

(2) (3) (5) (7) (11) (13) (17) (19) (23) (29) (31) (37) (41)

]
= (1681)

[
1148175

41101598

]
> 46

> P13 + 2
(28)

�
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6. Lemma 2

Lemma 2. (
Pr+2 − 2

Pr+1

)(
Pr+1 − 2

Pr

)
> 1

For any r ≥ 3

Proof. Let Pr+2 = Pr+1 + k2 and Pr+1 = Pr + k1 for some constants: k1

and k2. then(
Pr+2 − 2

Pr+1

)(
Pr+1 − 2

Pr

)
=

(
Pr+1 + k2 − 2

Pr+1

)(
Pr + k1 − 2

Pr

)
(29)

For r ≥ 3 (P3 = 5) there are 3 cases to consider:

Case 1: k1 = 2 and k2 = 4.(
Pr+1 + k2 − 2

Pr+1

)(
Pr + k1 − 2

Pr

)
=

(
Pr+1 + 4− 2

Pr+1

)(
Pr + 2− 2

Pr

)
=

(
Pr+1 + 2

Pr+1

)(
Pr
Pr

)
=

(
1 +

2

Pr+1

)
> 1

Case 2: k1 = 4 and k2 = 2.(
Pr+1 + k2 − 2

Pr+1

)(
Pr + k1 − 2

Pr

)
=

(
Pr+1 + 2− 2

Pr+1

)(
Pr + 4− 2

Pr

)
=

(
Pr+1

Pr+1

)(
Pr + 2

Pr

)
=

(
1 +

2

Pr

)
> 1

Case 3: k1 ≥ 4 and k2 ≥ 4(
Pr+1 + k2 − 2

Pr+1

)(
Pr + k1 − 2

Pr

)
≥
(
Pr+1 + 4− 2

Pr+1

)(
Pr + 4− 2

Pr

)
≥
(
Pr+1 + 2

Pr+1

)(
Pr + 2

Pr

)
≥
(

1 +
2

Pr+1

)(
1 +

2

Pr

)
> 1
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In all three cases:(
Pr+1 + k2 − 2

Pr+1

)(
Pr + k1 − 2

Pr

)
> 1

combining this with equation (29) yields(
Pr+2 − 2

Pr+1

)(
Pr+1 − 2

Pr

)
> 1

For all r ≥ 3, (P3 = 5)
�
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7. Lemma 3

Lemma 3. ∣∣∣∣∣∣∣∣
•∑

# «nr∈Z

(
r∏
j=1

C (j, nj)

)e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj


∣∣∣∣∣∣∣∣ < 2r (30)

for all r > 5 and all real 0 < x.

Proof. Define a function, g (r, t), such that:

g (r, t) =
•∑

# «nr∈Z

(
r∏
j=1

C (j, nj)

)e
2πit

r∑
j=1

nj
Pj

2πi
r∑
j=1

nj
Pj

 (31)

for all r > 5 and all real 0 < x.
Using g (r, t) equation (30) can be rewritten as:

•∑
# «nr∈Z

(
r∏
j=1

C (j, nj)

)e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj

 = g (r, x)− g (r, 0) (32a)

∣∣∣∣∣∣∣∣
•∑

# «nr∈Z

(
r∏
j=1

C (j, nj)

)e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj


∣∣∣∣∣∣∣∣ ≤ 2 |g (r, t)| (32b)

∣∣∣∣∣∣∣∣
•∑

# «nr∈Z

(
r∏
j=1

C (j, nj)

)e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj


∣∣∣∣∣∣∣∣ ≤ 2

∣∣∣∣∣∣∣∣
•∑

# «nr∈Z

(
r∏
j=1

C (j, nj)

)e
2πit

r∑
j=1

nj
Pj

2πi
r∑
j=1

nj
Pj


∣∣∣∣∣∣∣∣

(32c)

From Lemma 4∣∣∣∣∣∣∣∣
•∑

# «nr∈Z

(
r∏
j=1

C (j, nj)

)e
2πit

r∑
j=1

nj
Pj

2πi
r∑
j=1

nj
Pj


∣∣∣∣∣∣∣∣ < r (33)

for all x > 0 and all r > 5.
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Combining this with equation (32c) yields:∣∣∣∣∣∣∣∣
•∑

# «nr∈Z

(
r∏
j=1

C (j, nj)

)e
2πix

r∑
j=1

nj
Pj − 1

2πi
r∑
j=1

nj
Pj


∣∣∣∣∣∣∣∣ < 2r (34)

�
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r
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)
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C
as

e
3:

r ∑ j=
1

n
j

P
j
6=

0
an

d
n
r
+

1

P
r
+

1
6=

0

Y
ie

ld
s:

• ∑
#
  
  
  
 «

n
r
+

1
∈

Z

( r+1 ∏ j=
1

C
(j
,n

j
)) e2

π
ix
r
+

1 ∑ j
=

1

n
j
P
j

2π
i
r
+

1 ∑ j=
1

n
j

P
j

=

[ r ∏ j=
1

C
(j
,0

)] • ∑ n
r
+

1
∈

Z

C
(r

+
1,
n
r
+

1
)
e2
π
it
n
r
+

1
P
r
+

1

2π
in

r
+

1

P
r
+

1

 

+
C

(r
+

1,
0)

   • ∑ #
 « n
r
∈

Z

( r ∏ j=
1

C
(j
,n

j
)) e2

π
ix

r ∑ j
=

1

n
j
P
j

2π
i

r ∑ j=
1

n
j

P
j

   

+

[ • ∑ #
 « n
r
∈

Z

r ∏ j=
1

C
(j
,n

j
)]     • ∑

n
r
+

1
∈

Z

(C
(r

+
1,
n
r
+

1
))

e2
π
it

( n
r
+

1
P
r
+

1
+

r ∑ j
=

1

n
j
P
j

)

2π
i

( n
r
+

1

P
r
+

1
+

r ∑ j=
1

n
j

P
j

)     

(3
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 

+
C
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r
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r
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[ • ∑ #
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Z
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(j
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j
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r
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Z
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(r

+
1,
n
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+

1
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e2
π
it
( n r+
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P
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• ∑
#
  
  
  
 «

n
r
+

1
∈

Z
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C
(j
,n

j
)) e2

π
ix
r
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1 ∑ j
=

1

n
j
P
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1 ∑ j=
1

n
j
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 
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• ∑ #
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Z
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• ∑
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9. Lemma 5

Lemma 5. ∣∣∣∣∣
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The Fourier constants for the funtion, g(t, P ) are given by:
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Combining this inequality with equation (58) yields:∣∣∣∣∣
•∑
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for all x > 0 and all r > 2.
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Appendix A:
Table of Values of the 5-Stranded Sieve

The functions: T (5, x), A(5, x), and V (5, x), are described in section
2. For the case, r = 5, A(5, x) is defined as:

A (5, t) = x
9

154
and V (5, x) is defined as:

V (5, t) = T (5, t)− A (5, t)

The function, G(r, x) is defined section Sec:LemmaB as part of lemma
3. For the case, r = 5, G(r, x) is defined as:

G (5, t) =
•∑

# «nr∈Z

(
5∏
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C (j, nj)

)e
2πit

5∑
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nj
Pj

2πi
5∑
j=1

nj
Pj


= V (5, t)− 145

308

which also equals G(5, x) = V (5, x)− 145
308

x T (5, x) A(5, x) V (5, x) G(5, x)
0 0 0 0 −1087

2310

1 1 0 9
154

145
154

1087
2310

18 1 1 4
77

− 4
77

−1207
2310

19 2 1 17
154

137
154

967
2310

30 2 158
77

19
77

− 47
210

31 3 1125
154

1 29
154

1 326
1155

42 3 2 5
11

6
11

86
1155

43 4 2 79
154

1 75
154

1 37
2310

60 4 339
77

38
77

26
1155

61 5 3 87
154

1 67
154

1 41
1155

72 5 416
77

61
77

53
165

73 6 4 41
154

1113
154

1 607
2310

102 6 574
77

3
77

− 997
2310

103 7 6 3
154

151
154

107
210
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x T (5, x) A(5, x) V (5, x) G(5, x)
108 7 624

77
53
77

251
1155

109 8 6 57
154

1 97
154

1 367
2310

138 8 8 5
77

− 5
77

−1237
2310

139 9 8 19
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x T (5, x) A(5, x) V (5, x) G(5, x)
360 21 21 5

154
− 5

154
−107

210

361 22 21 15
154

139
154

997
2310

378 22 22 13
154

− 13
154

−1297
2310

379 23 221
7

131
154

877
2310

390 23 2261
77

31
154

− 607
2310

391 24 22131
154

11
7

1 53
165

402 24 2338
77

1
2

41
1155

403 25 23 85
154

134
77

1 26
1155

420 25 24 6
11

69
154

− 37
2310

421 26 24 93
154

130
77

1 86
1155

432 26 2519
77

58
77

326
1155

433 27 25 47
154

1107
154

1 47
210

438 27 2546
77

1 61
154

1 157
2310

439 28 25101
154

226
77

2 146
1155

462 28 27 1 11087
2310

463 29 27 4
77

1145
154

11087
2310

480 29 28 4
77

73
77

551
1155

481 30 28 17
154

1137
154

1 967
2310

492 30 2858
77

119
77

1 47
210

493 31 28125
154

2 29
154

2 326
1155

522 31 301
2

38
77

26
1155

523 32 3043
77

1 67
154

1 41
1155

528 32 306
7

1 3
22

1 757
2310

529 33 30141
154

2 13
154

2 446
1155

558 33 3247
77

30
77

− 17
210

559 34 32103
154

1 51
154

1 23
165

570 34 3324
77

53
77

251
1155

571 35 33 57
154

148
77

1 367
2310
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x T (5, x) A(5, x) V (5, x) G(5, x)
588 35 34 4

11
97
154

191
1155

589 36 34 65
154

14
7

1 247
2310

600 36 35 9
154

72
77

536
1155

601 37 35 9
77

1135
154

1 937
2310

612 37 3559
77

1 5
22

1 547
2310

613 38 35127
154

213
77

2 31
105

618 38 36 17
154

168
77

1 68
165

619 39 3613
77

2127
154

2 817
2310

630 39 36 9
11

2 27
154

2 667
2310

631 40 36135
154

3 9
77

3 401
1155

642 40 37 79
154

237
77

2 1
105

643 41 374
7

3 65
154

3 8
165

660 41 38 87
154

23
7

2 97
2310

661 42 3848
77

3 57
154

3 116
1155

690 42 4025
77

152
77

1 236
1155

691 43 40 59
154

247
77

2 337
2310

702 43 41 3
154

175
77

1 83
165

703 44 41 13
154

210
11

21027
2310

732 44 4260
77

117
77

1 577
2310

733 45 42129
154

2 25
154

2 356
1155

768 45 4468
77

17
154

− 817
2310

769 46 44145
154

1 4
77

1 68
165

798 46 46 97
154

− 97
154

−2557
2310

799 47 46107
154

23
77

− 191
1155

810 47 47 51
154

− 51
154

−1867
2310

811 48 4730
77

93
154

307
2310

822 48 48 3
77

− 3
77

−107
210

823 49 48 15
154

139
154

997
2310
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x T (5, x) A(5, x) V (5, x) G(5, x)
828 49 4830

77
47
77

23
165

829 50 4834
77

1 85
154

1 17
210

840 50 49 1
11

10
11

46
105

841 51 49 23
154

1131
154

1 877
2310

852 51 4961
77

116
77

1 607
2310

853 52 49131
154

2 23
154

2 53
165

858 52 501
7

16
7

1 446
1155

859 53 50 31
154

2123
154

2 757
2310

882 53 51 6
11

1 69
154

1 37
2310

883 54 51 93
154

230
77

2 86
1155

900 54 5246
77

1 61
154

1 157
2310

901 55 52101
154

226
77

2 146
1155

942 55 55 4
77

− 4
77

−1207
2310

943 56 55 17
154

137
154

967
2310

948 56 55 61
154

46
77

146
1155

949 57 55 5
11

1 83
154

1 157
2310

990 57 576
7

−6
7
−3067

2310

991 58 5710
11

13
154

− 446
1155

1008 58 5810
11

−10
11

−3187
2310

1009 59 58149
154

5
154

− 46
105

1020 59 5947
77

−47
77

−227
210

1021 60 59103
154

51
154

− 23
165

1032 60 6024
77

−24
77

−1807
2310

1033 61 60 57
154

48
77

367
2310

1038 61 6051
77

51
154

− 307
2310

1039 62 60111
154

1 43
154

1 221
1155

1050 62 61 4
11

97
154

191
1155

1051 63 61 65
154

14
7

1 247
2310
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x T (5, x) A(5, x) V (5, x) G(5, x)
1062 63 62 9

154
72
77

536
1155

1063 64 62 9
77

1135
154

1 937
2310

1080 64 63 17
154

68
77

68
165

1081 65 6313
77

1127
154

1 817
2310

1092 65 63 9
11

1 27
154

1 667
2310

1093 66 63135
154

2 9
77

2 401
1155

1122 66 65 87
154

3
7
− 97

2310

1123 67 6548
77

1 57
154

1 116
1155

1152 67 6725
77

−25
77

−167
210

1153 68 67 59
154

47
77

337
2310

1158 68 6752
77

25
77

− 337
2310

1159 69 67113
154

1 41
154

1 236
1155

1188 69 693
7

−3
7
−2077

2310

1189 70 69 75
154

39
77

97
2310

1218 70 71 2
11

−1 2
11

−1137
210

1219 71 71 37
154

− 37
154

− 821
1155

1230 71 7168
77

−68
77

−3127
2310

1231 72 71145
154

4
77

− 68
165

1248 72 7213
14

−13
14

−3247
2310

1249 73 7276
77

1
154

− 536
1155

1260 73 73 7
11

− 7
11

−2557
2310

1261 74 73107
154

23
77

− 191
1155

1272 74 74 51
154

− 51
154

−1867
2310

1273 75 7430
77

93
154

307
2310

1278 75 7453
77

24
77

− 367
2310

1279 76 74115
154

1 39
154

1 251
1155

1290 76 7530
77

93
154

23
165

1291 77 75 69
154

1 6
11

1 17
210
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x T (5, x) A(5, x) V (5, x) G(5, x)
1302 77 76 1

11
10
11

46
105

1303 78 76 23
154

1131
154

1 877
2310

1320 78 77 3
22

6
7

446
1155

1321 79 7715
77

1123
154

1 757
2310

1362 79 7913
22

−13
22

−2467
2310

1363 80 7950
77

53
154

− 146
1155

1368 80 7973
77

1
22

− 967
2310

1369 81 80 1
154

76
77

1207
2310

1410 81 8231
77

−131
77
−12017

2310

1411 82 82 71
154

− 71
154

−1076
1155

1428 82 83 69
154

−1 69
154

−12137
2310

1429 83 8339
77

−39
77

−1136
1155

1452 83 846
7

−16
7
−13067

2310

1453 84 84141
154

−141
154

−1601
1155

1458 84 8516
77

−116
77
−11567

2310

1459 85 85 41
154

− 41
154

− 851
1155

1470 85 8510
11

−10
11

−3187
2310

1471 86 85149
154

5
154

− 46
105

1482 86 86 93
154

− 93
154

−227
210

1483 87 86103
154

25
77

− 23
165

1488 87 8674
77

5
154

− 997
2310

1489 88 87 3
154

75
77

107
210

1500 88 8751
77

51
154

− 307
2310

1501 89 87111
154

1 43
154

1 221
1155

1512 89 88 5
14

7
11

191
1155

1513 90 8832
77

1 89
154

1 247
2310

1542 90 90 17
154

− 17
154

−1357
2310

1543 91 9013
77

127
154

817
2310
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x T (5, x) A(5, x) V (5, x) G(5, x)
1578 91 9217

77
−117

77
−11597

2310

1579 92 92 43
154

− 43
154

− 866
1155

1608 92 9375
77

−175
77
−13337

2310

1609 93 94 5
154

−1 5
154

−1 83
165

1620 93 9452
77

−152
77
−12647

2310

1621 94 94113
154

−113
154

−1391
1155

1650 94 963
7

−23
7
−22077

2310

1651 95 96 75
154

−1 75
154

−1158
165

1668 95 97 73
154

−2 73
154

−22197
2310

1669 96 9741
77

−141
77

−1106
105

1680 96 98 2
11

−2 2
11

−2137
210

1681 97 98 37
154

−1 37
154

−1 821
1155

1692 97 9868
77

−168
77
−13127

2310

1693 98 98145
154

−145
154

−233
165

1698 98 99 5
22

−1 5
22
−11627

2310

1699 99 992
7

−2
7
− 881

1155

1710 99 9913
14

−13
14

−3247
2310

1711 100 9976
77

1
154

− 536
1155

1722 100 100 7
11

− 7
11

−2557
2310

1723 101 100107
154

23
77

− 191
1155

1740 101 10153
77

−53
77

−2677
2310

1741 102 101115
154

39
154

− 251
1155

1752 102 10230
77

−30
77

−1987
2310

1753 103 102 69
154

6
11

17
210

1782 103 104 3
22

−1 3
22
−11417

2310

1783 104 10415
77

−15
77

− 776
1155

1788 104 104 75
154

− 75
154

−2227
2310

1789 105 104 6
11

69
154

− 26
1155
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x T (5, x) A(5, x) V (5, x) G(5, x)
1818 105 106 37

154
−1 37

154
−11657

2310

1819 106 10623
77

−23
77

−128
165

1830 106 10673
77

−73
77

−3277
2310

1831 107 107 1
154

− 1
154

− 551
1155

1848 107 108 −1 −11087
2310

1849 108 108 4
77

− 4
77

− 611
1155

1872 108 10931
77

−131
77
−12017

2310

1873 109 109 71
154

− 71
154

−1076
1155

1878 109 10958
77

−58
77

−257
210

1879 110 109125
154

2
11

− 326
1155

1890 110 110 69
154

− 69
154

−2137
2310

1891 111 11039
77

75
154

37
2310

1908 111 11139
77

−39
77

−2257
2310

1909 112 111 87
154

3
7
− 41

1155

1920 112 11216
77

−16
77

−1567
2310

1921 113 112 41
154

113
154

607
2310

1932 113 11210
11

1
11

− 877
2310

1933 114 112149
154

1 5
154

1 46
105

1950 114 11374
77

5
154

− 997
2310

1951 115 114 3
154

75
77

107
210

1962 115 11451
77

51
154

− 307
2310

1963 116 114111
154

1 43
154

1 221
1155

1998 116 11659
77

−59
77

−2857
2310

1999 117 116127
154

13
77

− 31
105

2028 117 11840
77

−140
77
−12287

2310

2029 118 118 89
154

− 89
154

−173
165

2040 118 11917
77

−117
77
−11597

2310

2041 119 119 43
154

− 43
154

− 866
1155
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x T (5, x) A(5, x) V (5, x) G(5, x)
2070 119 12075

77
−175

77
−13337

2310

2071 120 121 5
154

−1 5
154

−1 83
165

2082 120 12152
77

−152
77
−12647

2310

2083 121 121113
154

−113
154

−1391
1155

2088 121 122 3
154

−1 3
154

−11147
2310

2089 122 122 6
77

− 6
77

− 641
1155

2112 122 1233
7

−13
7
−12077

2310

2113 123 123 75
154

− 75
154

−158
165

2118 123 12360
77

−60
77

−2887
2310

2119 124 123129
154

25
154

− 356
1155

2130 124 124 73
154

− 73
154

−2197
2310

2131 125 12441
77

71
154

− 1
105

2142 125 125 2
11

− 2
11

−137
210

2143 126 125 37
154

58
77

667
2310

2160 126 126 5
22

− 5
22

−1627
2310

2161 127 1262
7

109
154

547
2310

2172 127 12613
14

5
77

− 937
2310

2173 128 12676
77

1 1
154

1 536
1155

2202 128 12853
77

−53
77

−2677
2310

2203 129 128115
154

19
77

− 251
1155

2208 129 129 3
77

− 3
77

−107
210

2209 130 129 15
154

69
77

997
2310

2238 130 13061
77

−61
77

−2917
2310

2239 131 130131
154

23
154

− 53
165

2250 131 131 75
154

− 75
154

−2227
2310

2251 132 131 6
11

69
154

− 26
1155

2268 132 132 83
154

− 83
154

−2347
2310

2269 133 13246
77

61
154

− 86
1155
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x T (5, x) A(5, x) V (5, x) G(5, x)
2280 133 13319

77
−19

77
−1657

2310

2281 134 133 47
154

53
77

47
210

2292 134 13373
77

1
22

− 967
2310

2293 135 134 1
154

76
77

1207
2310

2310 135 135 0 −1087
2310
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