TABLE OF UNUSUAL FOURIER SERIES

JOHN WASHBURN

ABSTRACT. A simple compendium of Fourier series I have run
across in my research. Most functions are R — C. This is because
the function, f (¢), was chosen to create a particular set of Fourier

coefficients; Fourier coefficients that are rational polynomials in n
Q(n)
P(n)-

The organization of the functions is by the Fourier coefficients;
most of which are rational polynomials in n. The organization of
the rational polynomials in n follows the organization of polynomi-
als found in A Table of Series and Products by Eldon R. Hansen.
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2. INTRODUCTION

The organization of table follows the organization of A Table of Series and Products|[I]
by Eldon R. Hansen. For a periodic function, f(t), with a period of,
P, the Fourier series representation will generally be of the form:

ft) =D ca®™F

nez
o Q (n) TIN5
=2 B

Where @ (n) is a polynomial of degree s and P (n) is a polynomial

of degree r. The organization of the Fourier coefficients, c¢,, which

are rational polynomials will follow the organizational example found

in chapter two, Series Involving Rational, Factorial, and Power Func-

tions.

A benefit of this organizational approach is the A Table of Series and Products(l]

by Eldon R. Hansen can be used to double check the functions, f(¢)

found in this table. By using the fact that:

fOF) 4+ f(07) f(0+)+f Q (n)
2 - Z n

one can lookup the corresponding series in the Hansen Table and verify
the function, f(t), cited in this table agrees with the more authoritative
value found in the Hansen table.

For example, take the Fourier series over the range 0 <t < P:

nel

Taken at the limits, 07 and P~ yields:

> [ | 2

nez

_ mcos (ma)
sin (ma)
= 7 cot (Ta)

which agrees with the Hansen table entry: 7777,
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Unless otherwise noted, the parameters of the functions cited in this
table are subject to the following conditions.

P7t7x7a7/677€R
a, 3,7 ¢ Z
a,B,v#0

a, 3,7 are distinct
P>0

For a real variable, x, |z] is the floor of z and {z} is the fractional
part of = . Thus, for all real z,
r=|z|]+{z} where:0<{z}<1

Functions with complicated rational, Fourier coefficients were con-
structed from functions with simpler rational, Fourier coefficients using
partial fractions. For example the function with Fourier coefficients of
m was constructed by combining the function with Fourier coef-

ficients of % with the the function with Fourier coeflicients of m .

Because of the extensive use of partial fractions, an appendix of partial
fraction expansions is included.
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3. SECTION: r=1, s =0

— (2mi) (% _ %)

O<t< P

-P P
<t < —=

Z (_1)n 627ri%t . —27T’Lt
n

nez

n#0

i cos (27r1%t) 9999

n=1

P

n

(—1)" cos (2 %t)

(-

2 2

O<e<t< P

=7777

O<t< P

—-P

(_1)” 627ri%t

(n+ «)

—~ (n+a)
2\ (—1)" cos (2m%t)
n=0 (n - Oé)

WE

n=1

2 2

i cos (2m2t) -

=7777

i sin (2%%15) 9999

—~ (n+a)
(—1)"sin (27 %¢)

(n+ )

=7777

(3.1.1)

(3.1.2)

(3.1.3)

(3.1.4)

(3.1.5)

(3.1.6)

(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)
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4. SECTION: 7 =2, 5s=0

4.1. ¢y = 5.
4.2. ¢, = ﬁ
1
43. ¢, = wnTa)
3 emipt (1] MEAWEL e PRt
Zn(n+a)_ a? o« a \e?me—_1 P
N
1\ 2wkt _
ST gy 2P T
n(n+ ) 2 2
neL
n#0
> sin (2w 2t
> sin (27 3t) =777 0<t<P
“~ n(n+a)
A o 1 B R AP
— n(n+ «) 2 2
Zw:m? 0<t<P
—~ n(n+a)
o n n
Z (—1)" cos (27rﬁt) 9977
— n(n+ )
_ 1
4.4. ¢, = ) B
_ 1
4.5. ¢, = )
4.6. Cp = m.
4.7. Cp = ﬁ.
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5. SECTION: r =2, s =1
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6. SECTION: r =3, s =0

Cn = 5.
Cp — ﬁ.
P 1
n T n34+an?48°
_ 1
Cn = n(n2+a)*
. = 1
™ n(nta)(ntp)
_ 1
Cn = n(nta)?’
_ 1
“n = nra?)
_ 1
Cn = ey
. = 1
T (ntB)(nP+a)
a— 1
™ (nta)(ntB)(n+) *
_ 1
= s nta)?
c. = 1
m T (n4B)(n?+a?)
_ 1
e = GrrmeEa)
_ 1
Cn n?(n+a)*®
Cn — 1 3 .

(n+a)
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7. SECTION: r =3, s =1
7.1. ¢, = ﬁ
72. ¢, = m
7.3. ¢, = m
74. ¢, = WLW
7.5. ¢, = m
7.6. ¢, = WLTQQ)
7.7, ¢, = Wrﬁ)(”TaQ)
78. ¢, = —4

n (n+a)3 :
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8. SECTION: r =3, s =2

n2

T n34a”

_ n?
Cn = ¥an?18"

_ n?
Cn = rB 1)
c, = —_n?
n = ) (ntB)(nt) *
o= n*
T (4 B) (nta)®

_ n?
“n = B (n?+a?) "

2

— n

Cn = Grp)(n?—a?) "

2
_ . n
Cn = (n+a)3 :
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9. CURRENT, KNOWN RESULTS
n
Z (<_1) 627rin% — d 6—27rioc%

— (n+a) sin (o) (9.0.1)

h _P<t<P
where: —— —
2 2

3 %ewné = (270) (% - %) (9.0.2)

where: 0 <t < P

. (9.0.3)
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10. rR=2, s=0

t2t+1
P P 6

where:0 <t < P

GD)Q ) %] (10.0.5)

h _P<t<P
ere. —— _

(10.0.4)

i 1 2mind _ 1+2m' 1 t 7.[.627”'04(%7%)
—~nmta)  |a? a \2 P asin (ma)
where: 0 <t < P
(10.0.6)

a? Pa  asin (Woé)] (10.0.7)

" ) —2riaL
Z iezmn% _ [ 1 (2mi)t  me ?miap
n )

_/ <t <
Wl ere: —

e2miny o e2mia(3=%)  2mib(3-4)
Zn: (n+a)(n+p)  (F-a) a)  sin(rB) | (1008)

where: 0 <t < P

sin (7

(_1)n 6271'1'71% B T 6—27rio¢% B 6_27”/6%
; (n+a)(n+B) (B—a)|sin(ra) sin(73)
P

WI ere: ‘[; —

(10.0.9)

w 2 P sin® (a)  (10.0.10)
where: 0 <t < P
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L ot _ [ Qi)tsin(ma) 2o 2met
(n—a) P sin (ra)  (10.0.11)
where:0 <t < P

n

2miat

> (<—_1> . {M + cos (m)} mle

n—+ a)2 P sin? (7a)

(10.0.12)

h '_P<t<P
where: 2 2

t

Z ne2ming T aeQﬁia(%f%) ﬁe2m',8(%—%)
(

- sin () sin (7)

n+a)n+8) (a—p)

where:0 <t < P

(10.0.13)
Z (—1)”77,62’””% B T e 2miot B ﬂednzﬂ%
(n+a)(n+B)  (a=p)|sin(ra) sin(@f) | )y
here: —- <t < ©
where: — 5
Sy el )
—e P =
— (n* —a?) asin (Ta) (10.0.15)
where: 0 <t < P
(_1)” 2minL —mcos (271'0[1%)
v Zme " T T asin (na)
n (10.0.16)
— P
where: — <t < 5

v Z 1 omint T COSh (27ra (% — 1%))
= pemind _ '
n (n2 + 052) «a sinh (ﬂ@) (10017)
where:0 <t < P

Nl

Y ()" swing _ meosh (2mah)
- (n? +a?) asinh (o)

(10.0.18)

h '_P<t<P
whnere: 2 2
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11. r=2,8=1
neTins - a62m’a(%f%) ﬁ€2mﬂ(%—%)
sin (7a) sin (78

;(nﬂ%)(nv%) " (a—-0)

n(—1)"e2minp 7r e

Z(n+a)(n+ﬁ) (a—p)

n

[ “2miap  Ge-2mibh

P

:
T

n 27rin% _ misin (271'0[ (% B %))

o Z (n? —a?) ‘ B 2sin (o)

n

‘ﬁfhee_<t<_
.
T

(=1)"1 rjpe _ Tisin (2mas)

279 =)
. z’n,: (n2 — a2)6 QSin (7-(-00
where: 0 <t < P
. .
299 Z _ " it T sinh (27a (2 — &)
g - (n? + a?) 2sinh ()

h -_P<t<
wihere. 2 2

(=1)" 1 pyy _ wisinh (2mas)

279
o Zn: (n? +a?)° 2sinh (ra)
where: 0 <t < P

To do:

(n+a)’

15

sin (ma) sin (7/3) ] (11.0.20)

(11.0.21)

(11.0.22)

(11.0.23)

(11.0.24)
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12. R=3,8=0
To do:
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13. rR=3,8=1
To do:

n
(n+a)?
n

(n+a)(n+5)°

(n+a)(n+05)(n+7)

n(n? —a?)
(n+a) ?ﬂg - 5?)
(n+ ) Zﬂ )

17
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14. rR=3,5=2
To do:

(n+a) (n+5)°

(n+a) (n+05) (n+7)

,,,L2

n(n? — a?)

n?

n(n? + a?)
(n + ) (n? = 5?)

n?

(n+ ) (n? + 32)

(n3 + a3)
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APPENDIX A.
TABLE OF EXPANSIONS USING PARTIAL FRACTIONS

Introduction. The table of partial fractions below assumes the fol-
lowing conditions:

/rL)a?/@”y 6 R
n7O{7/67’)/¢Z

n? a? /87 ,}/ % O
n,a, 3,7 are distinct

Al. r=2,s=0.

n(n1+ a) é E N <"ia)1 (A1.1)
(“0‘)1(”*5) - (ﬁiod [(nia) - (niﬁ)] (A.12)
ﬁ:%{”ia_nia} (A13)
G~ {n—lai —nim] (A-14)

A2. r=2,s=1.
A3. r=3,s=0.
Ad. r=3,s=1.
A5 r=3,s=2.
AG6. r=4,s=0.
A7 r=4,s=1.
A8 r=4,s=2.
A9 . r=4,s=3.



20 JOHN WASHBURN

APPENDIX B.
PREVIOUS TABLE OF EXPANSIONS USING PARTIAL FRACTIONS

B.1. r=2.

T a G

1 1 1 1
PR Y ey vy {(n+a)_(n+ﬁ>1

n 1 [ a B }
(n+a)(n+p) (a=p) [(n+a) (n+p)

,ooono_1[ 1
(n2—a?) 2|n—a n+a

, I B 1
(n2 +a?)  2ia [n—ia n+ia

o111
(n2+a? 2|n—ia n+ia
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B.2. r=3.
v 1 _ 1 {(a—ﬁ) 3 _ «
nn+a)n+p5) af(a—p) n (n+a) (n+p5)
1 1l |« 1 1
v n? (n + «) ?[# n (n—l—a)}
1 111 1 o
d n(n+a)’ E{ﬁ_(n+0€)_(n+a)4
1 -1 (2 1 1
v n(n?—a?) 2a? [5_(71—@)_(71—1-&)]
1 _ 1 [z 1 B 1 }
nn?>+a?) 222 |(n (n—ia) (n+ia)
(—a)" (B=9)]
+ (n+ «)
nt _ 1 =B a—)
(nt+a)(n+0)(n+vy) (a=p)(a=7)(B—-"7) (n+3)
()" (e = B)
" (n+7)
where: 0 < k <2
1 1 71 (a - B)
’ (n+a)(n+p)>  (a—p)° Ln+a) (”+5)+(n+ﬁ)z}
v n _ 1 [ o« ﬁ(a—ﬁ)}
(n+a)(n+8)° (a—p)7° Ln+ta) (+5)  (n+p)’
R R S Ry T A
(n+a)(n+p) (a=p)Lla+ta) (+6) — (n+p)
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1 [ atpB) (a—p 203
(n+a)(n?— ) (n+pB) (-2 (n+a)}

n _ —1 {(a%—ﬁ) (a—ﬁ) 2 }
(n+a)(n®*=p5%) 2(=p) [(n+p5) (-0 ([m+a)

n’ _ 1 {(OHrﬂ) (a=p)B  2a°
(n+ta)(n>=p5%) 2(=p5) [ (n+p) (n—P) (n+a)

1 _ 1 {(a—i—iﬁ) (a —1if) 210 ]
(n+a)(n®+p6%)  2iB(?+0%) [(n+0) (-0 (+ta)

n B -1 [(oz—i—iﬂ) (v —if3) 200 ]
(n+04)(2+ ) 2(@+p) [(n+B)  (n=p) (n+a)

n? _ 1 [(Oz—kiﬁ)ﬂ_(a—zﬂ)ﬁ_‘_ 2ia?
(n+a)(n®+p3%)  2i(e®+6%) [ (n+P) (n=p) (nta)
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